We generalize our recent construction of the zeros of the Riemann ζ-function to two infinite classes of L-functions, Dirichlet L-functions and those based on level one modular forms. More specifically, we show that there are an infinite number of zeros on the critical line which are in oneto-one correspondence with the zeros of the cosine function, and thus enumerated by an integer n. We obtain an exact equation on the critical line that determines the n-th zero of these Lfunctions. We show that the counting formula on the critical line derived from such an equation agrees with the known counting formula on the entire critical strip. We provide numerical evidence supporting our statements, by computing numerical solutions of this equation, yielding L-zeros to high accuracy. We study in detail the L-function for the modular form based on the Ramanujan τ -function, which is closely related to the bosonic string partition function. The same analysis for a more general class of L-functions is also considered. *
I. INTRODUCTION
Dirichlet L-series are functions of a complex variable z defined by the series
where a(n) is an arbitrary arithmetic function. In this paper we will consider two infinite classes of important L-functions, the Dirichlet L-functions where a(n) = χ(n) is a Dirichlet character, and L-functions associated with modular forms. The former have applications primarily in multiplicative number theory, whereas the latter in additive number theory.
The Dirichlet L-functions are generalizations of the Riemann ζ-function, the latter being the simplest example [1] . They can be analytically continued to the entire complex plane.
The Generalized Riemann Hypothesis (GRH) is the conjecture that all non-trivial zeros of these functions are on the critical line, i.e. have real part equal to 1 2 . Proving the validity of the GRH would have many implications in number theory. Much less is known about the zeros of Dirichlet L-functions in comparison with the ζ-function, however let us mention a few works. Selberg [2] obtained the analog of Riemann-von Mangoldt counting formula N (T, χ) for the number of zeros up to height T within the entire critical strip 0 ≤ (z) ≤ 1.
Based on this result, Fujii [3] gave an estimate for the number of zeros on the critical strip with the ordinate between [T + H, T ]. The distribution of low lying zeros of L-functions near and at the critical line was examined in [4] , assuming the GRH. The statistics of the zeros, i.e. the analog of the Montgomery-Odlyzko conjecture, were studied in [5, 6] . It is also known that more than half of the non-trivial zeros are on the critical line [7] . For a more detailed introduction to L-functions see [8] .
Besides the Dirichlet L-functions, there are more general constructions of L-functions based on arithmetic and geometric objects, like varieties over number fields and modular forms [9, 10] . Some results for general L-functions are still conjectural. For instance, it is not even clear if some L-functions can be analytically continued into a meromorphic function.
We will only consider the additional L-functions based on modular forms here. Thus the L-functions considered in this paper have similar properties, namely, they posses an Euler product, can be analytic continued into the (upper half) complex plane, except for possible poles at z = 0 and z = 1, and satisfy a functional equation.
In our previous work [12] , a new approach to the characterization of zeros of the ζ-function was developed, building on the earlier work [11] . Enumerating the zeros on the critical line as ρ n = 1 2 + iy n , with n = 1, 2, . . . , an exact transcendental equation for the imaginary parts of the zeros y n was derived which depends only on n. An asymptotic version of these equations was first proposed in [11] . From these equations for the zeros on the critical line, one can derive the Riemann-van Mangoldt and the exact Backlund counting formulae for the zeros on the entire strip, thus this result strongly indicates that all non-trivial zeros of the ζ-function are on the critical line. These transcendental equations can easily be solved numerically to very high precision, even for high zeros such as the billion'th, with simple implementations such as are available on Mathematica. Also, various approximate versions of the equation were presented.
In this work, we extend the results obtained in [12] to the two infinite classes of Lfunctions mentioned above. In particular, we derive an exact equation for the n-th zero which only depends on n and some very elementary properties of the mathematical object that the L-function is based on, for instance, the Gauss sum of the Dirichlet character or the weight of its modular form. As for the ζ-function, the derivation presents an argument that all the zeros are on the critical line. We will not present our derivation in as much detail as we did for the ζ-function case [12] , since our analysis follows precisely the same steps.
Our results are presented as follows. In section II A we review some of the main properties of Dirichlet characters and their L-functions, all of which are well-known. In section II B we derive the exact equation for the n-th zero of Dirichlet L-functions (24). One interesting new feature, in comparison with the ζ-function, is that if the characters are complex numbers, then the zeros on the negative y-axis are not symmetrical to the ones lying on the positive y-axis. In section II C, we consider an approximation to the exact equation based on the leading order of the generalized Riemann-Siegel ϑ k,a function (21) for large y. From this, one can derive counting formulas N ± 0 (T, χ) for both the positive and negative imaginary y-axes. An approximate formula for the zeros can be found explicitly in terms of the Lambert W function. In section II G we find numerical solutions to our equation (24) to high accuracy, considering two different examples of Dirichlet L-functions based on characters with modulus 7. In section III we repeat the same steps but for L-functions based on modular forms, and we consider a specific example based on the Ramanujan τ -function, connected with the Dedekind η-function and the bosonic string partition function. In appendix A we derive the main formulas for a more general, but not specific, class of L-functions.
II. DIRICHLET L-FUNCTIONS

A. Dirichlet characters and L-functions
In this section we recall some of the main properties of Dirichlet characters and Lfunctions based on it [1] .
Dirichlet L-series are defined as
where the arithmetic function χ(n) is a Dirichlet character. They can all be analytically continued to the entire complex plane, and are then referred to as Dirichlet L-functions.
There are an infinite number of distinct Dirichlet characters which are primarily characterized by their modulus k, which determines their periodicity. They can be defined axiomatically, which leads to specific properties, some of which we now describe. Consider a Dirichlet character χ mod k, and let the symbol (n, k) denote the greatest common divisor of the two integers n and k. Then χ has the following properties:
2. χ(1) = 1 and χ(0) = 0.
This implies that χ(n) are roots of unity.
6. If χ is a Dirichlet character so is the complex conjugate χ * .
For a given modulus k there are ϕ(k) distinct Dirichlet characters, which essentially follows from property 5 above. They can thus be labeled as χ k,j where j = 1, 2, . . . , ϕ(k) denotes an arbitrary ordering. If k = 1 we have the trivial character where χ(n) = 1 for every n, and (2) reduces to the Riemann ζ-function. The principal character, usually denoted χ 1 , is defined as χ 1 (n) = 1 if (n, k) = 1 and zero otherwise. In the above notation the principal character is always χ k,1 .
Characters can be classified as primitive or non-primitive. Consider the Gauss sum
If the character χ mod k is primitive, then |G(χ)| 2 = k. This is no longer valid for a nonprimitive character. Consider a non-primitive character χ mod k. Then it can be expressed in terms of a primitive character of smaller modulus as χ(n) = χ 1 (n)χ(n), where χ 1 is the principal character mod k and χ is a primitive character mod k < k, where k is a divisor of k. More precisely, k must be the conductor of χ (see [1] for further details). In this case 
In this case, the only divisors are 2 and 3. Since χ 1 mod 2 is non-primitive, it is excluded.
We are left with k = 3 which is the conductor of χ 6,2 . Then we have two options; χ 3,1 which is the non-primitive principal character mod 3, thus excluded, and χ 3,2 which is primitive.
Its components are
Note that |G(χ 6,2 )| 2 = 3 = 6 and |G(χ 3,2 )| 2 = 3. In fact one can check that χ 6,2 (n) = χ 6,1 (n)χ 3,2 (n), where χ 6,1 is the principal character mod k = 6. Thus the zeros of L(z, χ 6,2 )
are the same as those of L(z, χ 3,2 ). Therefore, it suffices to consider primitive characters, and we will henceforth do so.
We will need the functional equation satisfied by L(z, χ). Let χ be a primitive character.
Define its order a such that
Let us define the meromorphic function
Then Λ satisfies the well known functional equation [1] 
The above equation is only valid for primitive characters.
B. The exact transcendental equation for the n-th zero on the critical line
In this section we derive an exact equation satisfied by zeros enumerated by an integer n. The analysis that leads to this equation is the same as for the ζ-function in [11, 12] , consequently we do not provide as detailed a derivation, since such details can be surmised from [12] .
For a primitive character, since |G(χ)| = √ k, the factor on the right hand side of (8) is a phase. It is thus possible to obtain a more symmetric form of (8) through a new function defined as
It then satisfies
Above, the function ξ * of z is defined as the complex conjugation of all coefficients that define ξ, namely χ and the i a/2 factor, evaluated at a non-conjugated z.
This implies that if the character is real, then if ρ is a zero of ξ so is ρ * , and one needs only consider ρ with positive imaginary part. On the other hand if χ = χ * , then the zeros with negative imaginary part are different than ρ * . For the trivial character where k = 1 and a = 0, implying χ(n) = 1 for any n, then L(z, χ) reduces to the Riemann ζ-function and (10) yields the well known functional equation
Let z = x + iy. Then the function (9) can be written as
where
From (11) we also conclude that A(x, y, χ) = A(x, −y, χ * ) and θ(x, y, χ) = −θ(x, −y, χ * ).
Denoting
we therefore have
Taking the modulus of (10) we also have that A(x, y, χ) = A (x, y, χ) for any z.
On the critical strip, the functions L(z, χ) and ξ(z, χ) have the same zeros. Thus the zeros can be defined by ξ(ρ, χ) = 0. Thus on a zero we clearly have
Let us denote
Since A = A everywhere, from (17) we conclude that on a zero we have
This equation is satisfied if A = 0, B = 0 or both, where the δ → 0 + limit is implicit here and in the following. The function A has the same zeros as
There is more structure in B, so let us consider its zeros. This equation has the general solution θ + θ = (2n + 1)π, which is a family of curves y(x) and thus cannot correspond to the zeros of a complex analytic function which must be isolated points. Therefore, let us choose the particular solution within this general class given by
A more lengthy discussion of why the above particular solution corresponds to the Riemann zeros was given in [12] .
Let us define the function
When k = 1 and a = 0, the function (21) is just the usual Riemann-Siegel ϑ function.
Since the function log Γ has a complicated branch cut, one can use the following series representation in (21) [13] log Γ(
where γ is the Euler-Mascheroni constant. Nevertheless, most numerical packages already have the log Γ function implemented.
On the critical line the first equation in (20) is already satisfied. From the second equation
Analyzing the left hand side of (23) we can see that it has a minimum, thus we shift n → n − (n 0 + 1) for a specific n 0 , to label the zeros according to the convention that the first positive zero is labelled by n = 1. Thus the upper half of the critical line will have the zeros labelled by n = 1, 2, . . . corresponding to positive y n , while the lower half will have the negative values y n labelled by n = 0, −1, . . . . The integer n 0 depends on k, a and χ, and should be chosen according to each specific case. In the cases we analyze below n 0 = 0, whereas for the trivial character n 0 = 1. In practice, the value of n 0 can always be determined by plotting (23) with n = 1, passing all terms to its left hand side. Then it is trivial to adjust the integer n 0 such that the graph passes through the point (y 1 , 0) for the first jump, corresponding to the first positive solution. Henceforth we will omit the integer n 0 in the equations, since all cases analyzed in this paper have n 0 = 0. Nevertheless, the reader should bear in mind that for other cases, it may be necessary to replace n → n − n 0 in the following equations.
In summary, these zeros have the form ρ n = 1 2 + iy n , where for a given n ∈ Z, the imaginary part y n is the solution of the equation
It is important to note that the above limit is defined with a positive δ. This limit is well defined, is generally not equal to zero, and consistent with other definitions of arg L. It also controls its wild oscillation when solving the equation numerically.
C. An asymptotic equation for the n-th zero From Stirling's formula we have the following asymptotic form for y → ±∞:
The first order approximation of (24), i.e. neglecting terms of O(1/y), is therefore given by
where σ n = 1 if n > 0 and σ n = −1 if n ≤ 0. For n > 0 we have y n = |y n | and for n ≤ 0 y n = −|y n |.
D. An explicit approximate solution in terms of the Lambert function
Using the definition of the Lambert W function, W (z)e W (z) = z, if we neglect the much smaller arg L term in (26) we can find an exact solution. Let
Considering the transformation |y n | = 2πA n x −1 n , equation (26) can be written as x n e xn = kA n e −1 . Thus the approximate solution that takes into account only the smooth part of (24) is explicitly given by
where W is the principal branch of the Lambert W function over real values. The W function is implemented in most numerical packages, thus (28) can easily estimate arbitrarily high zeros on the line. In (28) n = 1, 2, . . . correspond to positive y n solutions, while n = 0, −1, . . . correspond to negative y n solutions. 
Comparing with the counting formulas, which are staircase functions, the left hand side of (24) is a monotonically increasing function. Assuming that such a function is continuous with the δ limit, then equation (24) should have a unique solution for every n. This justifies the passage from (24) to (29). Analogously, the counting formula on the lower half line is given by From (25) we also have the first order approximation for T → ∞,
Analogously, for the lower half line we have
As in (24), again we are omitting n 0 since in the cases below n 0 = 0, but for other cases one may need to include ±n 0 on the right hand side of N ± 0 , respectively. It is known that the number of zeros on the whole critical strip up to height T , i.e. 0 < x < 1 and 0 < y < T , is given by [14] 
From Stirling's approximation and noticing that 2a − 1 = −χ(−1), for T → ∞ we obtain the asymptotic approximation [2, 14] 
Both formulas (33) and (34) are exactly the same as (29) and (31), respectively. This can be seen as follows. From (10) we conclude that ξ is real on the critical line. Thus arg ξ
. Then, replacing arg G in (24) we obtain
Replacing y n → T and n → N Another important fact follows from the one-to-one correspondence between the zeros of L(z, χ) with the zeros of cos θ = 0, which are all simple. Thus, under the validity of (24) and (29), the non-trivial zeros of L(z, χ) are simple. Note that (24) gives a different equation for each n, so there are no repeated solutions.
G. Numerical solutions
We can solve the equation (24) starting with the approximation given by (28). We will illustrate this for some specific examples, using the root finder function provided by Mathematica [20] .
The numerical procedure is carried out as follows:
1. We solve (24) looking for the solution in a region centered around the number y n provided by (28), with a not so small δ, for instance δ ∼ 10 −5 .
2. We solve (24) again but now centered around the solution obtained in step 1 above, and we decrease δ, for instance δ ∼ 10 −8 .
3. We repeat the procedure in step 2 above, decreasing δ again.
4. Through successive iterations, and decreasing δ each time, it is possible to obtain solutions as accurately as desirable. In carrying this out, it is important to not allow δ to be exactly zero.
We will illustrate our formulas with the primitive characters χ 7,2 and χ 7,3 , since they possess the full generality of a = 0 and a = 1 and complex components. There are actually ϕ(7) = 6 distinct characters mod 7. (24) starting with the approximation (28), for the character (36).
The solutions are accurate to 50 decimal places and verified to L Example χ 7,2 . Consider k = 7 and j = 2, i.e. we are computing the Dirichlet character χ 7,2 (n). For this case a = 1. Then we have the following components:
The first few zeros, positive and negative, obtained by solving (24) are shown in TABLE I.
The solutions shown are easily obtained with 50 decimal places of accuracy, and agree with the ones in [15] , which were computed up to 20 decimal places.
Example χ 7,3 . Consider k = 7 and j = 3, such that a = 0. In this case the components of χ 7,3 (n) are the following:
χ 7,3 (n) 1 e −2πi/3 e 2πi/3 e 2πi/3 e −2πi/3 1 0 (37)
The first few solutions of (26) are shown in TABLE II and are accurate up to 50 decimal places, and agree with the ones obtained in [15] . As stated previously, the solutions to equation (24) can be calculated to any desired level of accuracy. For instance, continuing with the character χ 7,3 , we can easily compute the following number for n = 1000, accurate to 100 decimal places, i.e. 104 digits: y 1000 = 1037.56371706920654296560046127698168717112749601359549 01734503731679747841764715443496546207885576444206
We also have been able to solve the equation for high zeros to high accuracy, up to the millionth zero, some of which are listed in Table III , and were previously unknown. 
III. L-FUNCTIONS BASED ON MODULAR FORMS A. General level one forms
The modular group can be represented by the set of 2 × 2 integer matrices, 
If the above equation is satisfied for all of SL 2 (Z), then f is referred to as being of level one. It is possible to define higher level modular forms which satisfy the above equation for a subgroup of SL 2 (Z). Since our results are easily generalized to the higher level case, henceforth we will only consider level 1 forms.
For the SL 2 (Z) element 1 1 0 1 , the above implies the periodicity f (τ ) = f (τ + 1), thus it has a Fourier series
If a f (0) = 0 then f is called a cusp form.
From the Fourier coefficients, one can define the Dirichlet series
The functional equation for
where k ≥ 4 is an even integer. One can always shift the critical line to 1 2 by replacing a f (n)
by a f (n)/n (k−1)/2 , however we will not do this here. Let us define
Then the functional equation is given by [16] 
There are only two cases to consider since k 2 can be an even or an odd integer. As in (9) we can absorb the extra minus sign factor for the odd case. Thus we define
even, and we have
odd, implying Therefore, these zeros have the form ρ n = k 2 + iy n , where y n is the solution of the equation
where we have defined
Repeating the argument of the last section, if equation (44) has a unique solution for every n, then this implies that the number of zeros with imaginary part less that T is given by
In the limit of large y n , neglecting terms of O(1/y), the equation (44) becomes
If one ignores the small arg L f term, then the approximate solution is given by
B. An example with weight k = 12
The simplest example is based on the Dedekind η-function
Up to a simple factor, η is the inverse of the chiral partition function of the free boson conformal field theory [17] , where τ is the modular parameter of the torus. The modular discriminant 
We then define the Dirichlet series
From (44) the zeros are ρ n = 6 + iy n , where the y n satisfy the exact equation
The counting function (46) and its asymptotic approximation are
A plot of (54) is shown in FIG. 2 , and we can see that it is a perfect staircase function.
The approximate solution (48) in terms of the Lambert function is given by
Note that the above equation is valid for n > 1, since W (x) is not defined for x < −1/e.
We follow exactly the same procedure discussed in the beginning of section II G to solve equation (53) numerically, starting with the approximation provided by (56). Some of these solutions are shown in TABLE IV and are accurate to 50 decimal places [21] . 
IV. CONCLUSION
We have generalized the approach proposed in [11, 12] for the Riemann ζ-function, to all primitive Dirichlet L-functions. We showed that there are infinite zeros on the critical line in one-to-one correspondence with the zeros of cos θ = 0, equation (20) . In this way, the zeros are enumerated and their imaginary parts satisfy the equation (24).
Under the weak assumption that (24) is well defined for every y n , noting that it is a monotonically increasing function, then it has a unique solution for every n. Thus one can obtain the counting formula (29) on the critical line. This agrees with the counting formula for the number of zeros on the entire critical strip. Thus the zeros from (24) already saturate the counting formula on the strip, indicating that all zeros must be on the critical line.
We have computed some numerical solutions of (24) to high accuracy, shown in section II G. Thus this gives additional strong numerical support for the validity of (24).
Furthermore, we have also employed the same analysis for L-functions based on level one modular forms in section III, and considered a specific example based on the Ramanujan τ -function. In appendix A we unify this analysis for a more general class of L-functions. , y, f = 0 yields the equation for the n-th zero. Introducing a shift n → n − (n 0 + 1), where n 0 should be determined by each specific case according to the convention that the first positive zero is labelled by n = 1 (we will omit n 0 in the following), we then conclude that these zeros have the form ρ n = 1 2 + iy n for n ∈ Z, and y n is the solution of the equation 
It is also possible to replace β by noting that ξ( 
, f .
The same counting on the whole strip N + (T, f ) can be obtained through the standard Cauchy's argument principle [9] . Thus N + iT, f term, it is possible to obtain an approximate solution in closed form, which reads
where W (x) is the principal value of the Lambert function over real values, and
